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Suppose U C R"™ is an open set, F' : U — R™, defined by F(z) = y, where z = (z!, -+, 2"), y =
(yt, -, y™). Use 7 : R™ — R to be the projection to the a-th coordinate, i.e. 7*(zt, - z") = z°.
Then y = F(z) could be represented as
y=F(z) = (f'(z), -, f"(z)), z€U (1)
where f¢ = 7% o F': U — R, which is called the component function.
If each component function of F is partialerentiable (C*, C>°, C¥) at a € U, then we call F is
partialerentiable (C*,C>,C¥)ata € U.
If F' is partialerentiable on U, then
(ot ort
8(f17'"afm) 83.81 . 8?71
et ) = | G (2)
r ofm™ .. of™
| Ozt ox™ |
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whose each element 1s a function on U. We call the above matrix Jacobi matrix, denoted DF'. When F’
is Ck, DF is C*1,

The following theorem is parallel to that in one-variable function.

& 3. Suppose U C R™ is an open set, map F' : U — R™ is partialerentiable, iff there exsits a linear map A : R"™ —
R™ and R(z,a) = (r'(z,a),+,7™(z, a)) such that

F(z)=F(a)+ Alr—a)+ ||z —a || R(x,a), lim || R(x,a) ||=0. (3)

T—a

JEB

From the proof, we could know that the above A could be denoted by DF(a).

Suppose U, V are open subsets of R”, R™ maps F': U —- V,G : V — RP, thenthemap H = G o F':
U — RP is called the composition of F' and G. Parallel to the composition of one-variable functions,
we have the following chain rules.
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% ¥ (Chain rules). Suppose F', G, H are defined as above. If F is partialerentiable at a € U, and G is
partialerentiable at F'(a) € V, then H is partialerentiable at a and holds the following equation.

GH(a) = DG(F(a)) - DF(a).

#EBA : By definitions.

Readers could prove that if F and G are C* maps, then H = G o F is also a C* map.
Example. Suppose F' : R™ — R™ 1s a homogeneous linear transformation, 1.e.
Flz)=A-z, z€R™
or
Fe S
j=1

Easy to show that DF'(x) = A. If A is inversible, then F' is a partialeomorphism.
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%2 32 (Inverse function theorem). Suppose U C R™ is an open set, F' : U — R™ is a C* map. If fora € U, DF (a)
is inversible, then there exists an open neighborhood W € U, such that F : W — F(W) = Visa C*
partialeomorphism. Furthermore, if z € W, y = F(x), then the partialerential of F~1 at y is

DF~(y) = (DF(z))~". (7)

Without generality, in the following proof, we assume F'(0) = 0 and DF'(0) = I.

5] 2. There exsits an open neighborhood W of a, such that F' |;, : W — R™ is injective. Furthermore, for all
z,y €W,

2[| Flz) = F(y) Izl z—y . (8)

JiEBA: for Lemma 1. Define G : U — R™ by G(x) = x — F(x), which satisfies G(0) = 0 and DG(0) = 0. Since F' € C*(U), we
have DG(x) is continuous. Therefore, there exists a real number 7 > 0, such that B,.(0) C U and each element of DG/(z) is less than
1/(2m) for z € B,.(0). Thus

= DG() |< 5, =€ B,(0). 9

N

Tr(DGT (z)DG(x)) < ﬁ -m? <

For all z,,z, € B,(0), by changing the partialerence into integral and chain rule
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1d 1
Glzxo) —G(xy) = —|G(x To — T)t)|dt = DG(x To — T )t) (20 — x,)dt 10
(22) ~Glen) = | 6@+ (@ =)0t = | DG + 2y —a)t)(a — ) (10)
take norm and we have
1
| G(zq) — G(zq) IIS/ | DG(z1 + (zg —z1)t) ||| g — 21 [ dE < 1/2 || my — 2y ] - (11)
0

At last, by introducing triangle inequality, we have
1/2 [ 2y =y |2 (22 —21) — (F(2g) — F(2q)) [2]] 22 — 2y || = || F(22) — F(zy) | (12)

and we get the result.

5] 2. Suppose W C R™ is an open set, and map F : W — R™ which satisfies for all z € W, DF(x) is inversible,
then (W) is an open set, i.e. F' is an open map. If F' is one-to-one, then F~1 is continuous.

JEBR : for Lemma 2.

We only need to prove that for any a € W, F/(W) is an open neighborhood of F'(a). To be more specific, by translation, for any ball
B,(0) c W, F(B,(0)) C B,,(0) C F(W).
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By Lemma 1, there exists 7 > 0, such that || G(z,) — G(z,) [|[< 1/2 || 4 — z; || for z € B,.(0). Let z, = 0, G(x,) = 0, and we
have | G(z,) [|[<1/2 | x; ||. Fora given y € ET/Q(O), define T : B,.(0) — R™, by T'(z) = y — G(z). Actually, since

ly—G@) I<lyll+ | G@) I<r/2+7r/2=r, Ve B.(0) (13)

So T actually maps into itself. Since || T'(z,) — T'(z;) ||<|| G(zy) — G(zy) ||< 1/2 || 3 — x4 ||, T is a contraction map, so there
exists a unique fixed point z € B,.(0) such that T'(x) = x, which means y = F(z), meaning y € F'(W). The above contraction map
method is usually used to proving the solution for an equation, i.e. the range of a function.

[
#EB : for Theorem
Since DF(x,) is inversible, there exists an open neighborhood W of z, such that |DF'(z)| # 0 for x € W. By lemma 1, we have
F(z) |y is injective. By lemma 3, F'(W) is open, so F' is a homomorphism.
Denote H as the inverse of F. We first show that it is C. Forany z € W, lety = F(x),y, = H(x,), expand it at z,,we have
F(z) = F(z) + DF(z0)(z — x¢) + o(||  — z []), (14)

=y =1y, + DF(H(yy))(H(y) — H(yo)) + o(|| H(y) — H(yo) I|)

so multiply both sides DF(z,)~" since |[DF(z,)| # 0, we have

H(y) = H(yy) + DF ()" (y — yo) +o(|| H(y) — H(y,) ||) (15)
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the rest item could be o(|| H(y) — H(yo) 1) = o(ll y — yo |) since || z — 2, < 2 || F(z) — F(x) |-
So we have DH (y,) = DF(z,)"".

Now we show that H is C*. We prove by induction. Assume H is C! for I < k — 1, then by
DH = (DF o H)™! (16)

which means DH is C!, thus H is C**!. Since F is C*, we have H is C*.

We have the following corollaries.

% 3 (Implicite function theorem). Suppose U, V are open subsets of R” and R™. Themap F' : U x V — R™ is
Ck.Ifforzy € U,y, € V,and map y — f(x,,y) whose partialerential at y,, i.e D, f(z,,%,) is inversible, then
there exists a neighborhood U, C U of x,, and a uniquely determined C* map g : U, — R, such that g(z,) = y,.
Furthermore, for each x € U,, we have

flz,g(x)) = f(zo,50)- (17)

#EB : Similar to what we have in partialerential geometry, we consider a higher dimensional map F' : U x V — R™ x R",
(xa y) — (CL’, f(x, y)), then
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e UNN

I 0

T, Yo) Dof(zg,¥0)]’ (18)

DF(e0,10) = | 1

since D, f(z,y,) is inversible, DF'(x, y) is inversible. Then by ;, there exists a small neighborhood Uy, x V;, of (z, y,) such that
F is its unique inverse map. Define projection 7 : R™ x R™ — R", (z,y)  y, and let

g() =mo F~'(z, f(z0,50)), %o € Uy (19)

so g is the desired map. This is because F'(z, g(z)) = (=, f(z, g9(z))) = (=, f(zy,Y))-
|

% 32 (Rank Theorem). Suppose A, B is open set on R™, R”, F': A — Bisa C* map, and DF (z) = r forall z €
A. Assume a € A, b= F(a) € B, then there exist open neighborhood A, C A, B, C B of A, B, and a C*
homeomorphismu : Ay = U C R™,v: By -V C R", such thatvo Fou™! : U — V has the following form

voFou (gl ™) = (zt,-,2",0,-,0) € R". (20)
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1. BRI, LiRER
& X (BRI MA— " nZEdeitifif, T TH—Ape M, ZGEE—ANTFARRU, p € U, AR B IEBST
U — R", £ F0(U)ZR" 8T %

—IRFAWBRIZEME— Hausdorff 8], HiHEA,ANIE, AU, iR SHFER. S5,
HAIBE MR tTre, R REEE AR, e LB A ER AR =2RIA

e(p) = (z(p), -, z"(p)) (21)
Hrhg! : U — REJAMIRD =R,

TEFITHER MR EZENXER, FLUEN M RZ. 18U, o), (V, ) 2R RE,
UNV £0Mpop:oUNV)—=yp(UnV)EEREZTEZERIMET, sJLARE—S8oNERE
SKRERE.

Z X (CFA 2 IRTF). LR AALARFARAR K CPA R, Baho o L RCRR IR, 2 7 AN A AR 69 AR Z
MR, M-l b 2Ok R,

BT EARRER, F(NERTLUE MM .
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X (R RA). AM Zntk et imf, FAEMERE—®RALITFTU = {(U,,0,)}
() BEZHE. M= U,.

aed

(i) 4 & AN AR T RO A8 5269,

(i) & 7 Ir A —ANBARF (U, ), RS EZa e J, (U, o) 5 (U, o, )ACFHE, W(U,p) € U.

TR BARURM GO 251, AR(M,U)RnB GRS, UT 8 T E M A B LT

BA I LUIERR R E— RIS KR 4514,

(DB E—). BU, 2L LRG0 — &L ARF, NAEAEE—QCEHRIEMU D U,.
BI(STAE R RAS). 1A ST EAREIBI T AT RA.

2. MBIy BT

Z LGRS A CRBE). IAM, No>HZm, n#kCF RN, F: M — NAZSW®H. Bp € M, RFACFE4,

£ BEMANGLIRF (U, o) F(V,y), #i3peU, f(p) €V, Bf(U) CV,Fi=1poFop RRMER"&CH
BRd. & SUFEp AL AR B o (p) R B9 FA.

ZEF:M—> NERJL, #F, F 14 2CFwks, NARFECERIEBS,

i 2

b
aed
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EFEpAFAm, NARFAZN; EFaEpR K AN NAREHEX.

Y5a0ith, FRNIEXN = R, LAIRFRERIN, NEFEFRACHEE, HEMRCHCH M), HBIM =
(a,b) C R, FUIFEFRAC %k,

B10). ZM A EBRF, BRI M EEER p,q, HBELERDBIEE: M — M, s.t. o(p) =

BlIO). M, NZEBRBEAFTARMN, f: M — NLEX, i£9: i) fABHH. i) Vp,g € N, f1 (q),f_l(p)fé%%’iéy\
n}]"réﬁmu

% % (Uryson 3| 3). AMRCFARN, F, KRR MNEFREE, FNK =0, WEECFR/KgHEX gl =1,

gl =0,g€]0,1].

EH: HAREAM = R™H AR GAM TEESLEMB,(r), FEAEAHMRSHIEG e C°R™), #Hlgp ) =1,
g‘Rm—Bp(T) =0, g€ [O, 1] 'E\‘/HR*‘WL, _TI/X/\

2

h(t) = {0’ =Y (22)

M lim h(t) =0, lim h(t) = 1, B2 —AC>®FK 3. 4



O » HHinw

) — h(r —|z|) _ 1, |z|<r/2
) = o Tal) T Al — %) {o, 2 > (23)

H HgR—ANC® K,
TR N EEGUR AR € K, 3r,, st B,(r,)NF=0. 9 %%, 3y, 2y, U, B, (r,,/2) D K. B L@yl i, £M
;ﬁ‘sd—r éﬁg’b/ﬁjigl‘Bw,(rw/@ 1’ g'LlRm—B ('r) = 0. é'\g =1- H]i (1 - gi)- ﬂ'lg/%/ig—/‘k

ARG R T — ML L. Vo € K, RE S8 LARF (U, 5 2°), Br, > 0, FF B, (r,) C o(U), B
wﬁgmmmDnF=mﬁqmﬂﬂmi,ﬁﬁr%m&%@&%@,A

aio = {10 12" .

W g A~ Ck& % (i & M2 Hausdorff 49, l/u?%cp_l( B, (r ))’T’F/?"y‘%f&lﬂéﬁ.f el R RGERANERE, BAXZH N
EGEMRAUNTER BT ) BAEHKARN, FiE.

SR, f:R™ - R, m<n, Bf(a!, - 2™) = | 2, 2™, 0,-,0 | FRDENZ
n—m>

(Canonical immersion).
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EX(BANTRF). XF : M — NEFZN, WNAMRF(M)ZNQZENT R,
TR ERSEFRIE T 2BRIMRE, & IER NS RIEEEBENMYR, NMEERL, 1R
IEF=EE S, FERRE.

L (ERFAEM). ANAnECFAN, M CN, E5EEpec M, FENGLIRFT(V,¢),p €V, #EFY(p) =
0, py(VNM)={(y*, - y") € Pp(V):y™t = .. = y" =0}, MARM AN &§mf £ N T HF.

XS FIENF7As, BTl LABEIERT AT REA.

R (BN F ARG LAFEAM). AT LEZ L ENFTAHBM, (VN M, Ylyan) RMECHHa 2 0 447 B .
A, BF: M — NECHRES, ©XEGgr(F) = {(p,F(p)) € M x N :pe M}, WEFEM x
NEIm#EENF7iHe. BT el LAEERIEXT AT IRR,

BI(BARAH ERFAM). M, N2 LBAM, [ M- N2LBRS, E90ELg(F) = {(p, F(p)) €
M x N :pe M}RM x Nt ERF 7.

B10). M AN F EENF 37, iEAM L6923 s BN . 552500 5680 <) 7 54 R 7T R4k
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THEHBAFREAENFRECERNXRR. XEBEITRAXMESIEZ. FI1B%S

L5 [HE,

318(1). 5F : U CR® - R*"2C 4+, HrankDF = n, N F& k4.

51 ().

R EATFRY A EMNFRH). M, N H Rm, nECHRF, F: M — NAEEN, WNF(M)ANEN

TR, HERBFAHN,

R85 TENEEILEBE— R LENFRA.

RBENEAR). %f: M — NACFBAT, rank f =r, WVq € f(M), f1(q) M &ym — r 415 £ 0| FIAA.

EH: Bp € fl(q), MARIE, BEMSGO Spt)Lint(U,p), N OAqd 24T (V, ), 3 F(U) C V,o(p) =0,,,
¢(Q> = Ons -'EL.f = ¢ o f o QO_lll%/i

f(xl’“,’xm) - (xla'"7xTa 0,,0) (25)

n—ri~

B £(0,,) = Flo(p) = w(f(p)) = v(q), B LR LAFEZ, Hi(q) =0, o(UN F1(q) = f1(0) = {(z,,2™) € p(U) :

x1=~--:x’":O}
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BPF i AR, R R 8m — r 27T B B R 3. X ZaY f1 (q) AAR A K-F & (Level set).

PI(— R EMFQTRKY). FEELHONR)={A= a;; € GL(n,R) : A'A = I} AERAHE A GL(n, R)#EN
TR,
JERR: & XA f . GL(n,R) — Sym(n,R), f(A) = A'A — I, ¥ Sym(n,R)An x nt§3FH4EMEZ B, 2AR0(n,R) = f71(0).

Tt Ak A € GL(n,R), IDf(A): T4(GL(n,R)) — Tf )(Sym(n, R)) 7 & wat, HbToMAmEzLE, A
T,(GL(n,R)) = R" , T4y (Sym(n, R)) = Sym(n,R). 3 X € R™’ r]'ﬁ-

AFA(X) = TIF(A+ Xl = T [(A+1X) (A +1X) ~ 1]],g = A'X + X' (26)

2 —AY € Sym(n,R), X = LAY, MAdf,(X) = Y, BHDf(A)RHH, A2 4 m E 0 F 7 09 % HORn? —
n(n+l) _ n(n—1)
2 - 2 :

HA1E TEAHES
REH®R). &L M- NEEX, WVqe f(M), 1 q) AMHEm — r2 ] E N F7A.
ERTLA A,
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3. B{UofE
St MM S EIEN.

R X (hatm). LU, U, R XS BT R E, #Va, 36,5t U, C Uy, WU, RU# e m.

% (BHAR). XA ER, (U, ac JJR—KTE, £Vpec X, IW, 4%, st #{acJ: U, N
W, # 0} < oo, MAR{U,} _ A B3rALE.

EIESR LRSS, f: M — R, ICESZEAsuppf = {x € M : f(x) # 0}, BAISINTERIENX
R (AL ). M L6 BB ([} AR M Lo A2, &5 R

(G) f; >0, Bf, € CF(M) Vi > 1.

(ii) {suppf;} R M) B3 A 1Rt B %

(i) >, fi(p) =1, Vp e M.

NTEERNUDREE, BFIkLEH—15E,

FZ(FREFA RAetm). KA RMGT RS, NELETHSNLRF (U, 0;),5 > 1L #8450 {U;} £{A,}
Whem. (i) {U; }RAIA R, (i) ¢;(U;) = Bf*(1), () {V; = 90_1(Bm(%))}7{Mé/3ﬂ_‘4§m
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W M TMRAHE, FEMEATHEA, KAw3{V}  FE M=U2 V, LV E%E TaAFifhied L7
K, Kg=0,K, =V, WFK, CcUX, VARRE F2Ir>1,st. K, cU_, V. BREN#r, 4K, =U_, V,=U"_, V.

=1 "2
T AR ILK, 89 JUAN TR
(i) K; C K:+1a (i) M = U2, (K, — K;) (U_, (Kiy, — K;) = K;)
TEEEK,, — K CK,,— K, . iTH%, BHF. ERpe A, N (K, — K, ), HLIFF (U, 0,).51.U, C A, N
(Km — Ki_l), 0,(p) =0, B, (U,) = By(1). &V, = 0, " (By(3)), WK, — K%, BEABRAV, -V, st UYLV, D
K., — K,

(3

By(1)
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PN PN

#o HRp e M, Jig,st.peK, , 5i>ig+ 18, YU € G, U CK, ,— K, ;, AdUNV, =0, Ain 5p U ARk 8 F
H RN, A 3R A TR AR E,

e ={V, =V, b} UTIANFBEMGY). 4G, = {U,,, U, }. ARUZ, GRA, Smm(i). F5ELE, 2RI M)

m
RIE(RALDMBRI). KA AMOYTES, NHEEMLY ﬁﬂ'iéa\‘m’b’?{fi}pl, 1% #3{suppf;} £ A, 8w, KATIT
fi RSB T A, 89 B AL 5 R -

B ARIEFIE, NERWFHREA, AU A LM, BVELRMFEE ANEE—AU, V, L, AIRZAT4 Uryson 5132,
BEMEGCPHES,, st fj|Vj =1, fj\M_Uj =0, Afsuppf; C U;, TA{suppf;}RA, ##4%m. suppf; 2 m3AMRE), BA
U A BAAE, AR [ R B A fe,

Sf =5, fp Wp € M, f(p) > LARY ;)5 =1 FRa; = f;/ [6%E.

RIECRBEHN). EMAZEBGCFARN, WhAn € Nt LA MBR 49 # .
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1. REFESH
SR ERIREF AN T,

L (RHFFF). Bp € M, URptFFARIR, C(U)AHU L& R FHH. £ HHEp = {(u, f): U RFARK, f €
CoU)} LEE—ANFNKFE~, EU, 1), V,9) €p, W CUNV, 4EZf|lw = glw-

HKAVILC®(U) = p/ ~ApAeC= HRF.
BA T LAEXN R EENXINAR SR A, AR TFRERIINERSRE. BEEmAMRT—RICIE /],
BEFRBHAPEXERFTEBN). AHIEXAIMS, FIIEEER S AEFRIITE.
L (FK). ZERHD : C°(M) — R#ARH 4, %% 2 Liebnitz A0, Bp

D(fg) = Dfg(p) + Dgf(p) (27)
XBERSHER MM E LSEHRET, FINMEEMAANZER.
FIEFRABREXLFRK) L AFE Ky : (—€,e) = M, v(0) =p, N

d(fo~(t))
dt

D’Y/(O) . C;O — R, f — (28)
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ER: FERIELRRZNN. SRS, ge CO(M), fly = glw, RANIRIERP T, Leibnitz # i 2% K T K3 694 X 0.

|
IRMBEmAE BN, 18Der(C°(M)) = {D : DRCy E#y 34} MFTIBERAENX
Der(Cp°(M)) ERIZRI445TE, FUEBAEEm4EL4=S ).
JERA: H EGRMLEMD, + kD, XA
(Dy + kDy)(f) = Dy(f) + kDy(f) (29)
%% 132\ Dy + kD, € Der(C(M)).
T @A AN LR FFRIZT MG L BRp € M, AR ALARF(U, @, z%), R4 o(p) = 0. XD, A
=2, (30)

EEE@HAR » RESHHMGFH, AAERE L. WD, € Der(C(M)). FH L, Bl By (t) =
ol (o, 0,0, 1,0, o) $ilMHEE, WD, =D,y TIER{D,, D, } A EMEAH.

(2
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ARk, BB F =50, X LR : R™ — RAE LK HHK, Bp(¢,- tm)—ti EEREANT Hh—, FRTFR" -
R&GBeS . 25, R EAHNL, HARIAR paifert. 2325, émjﬁ#ﬁﬁ&i% F5 0, 2T AR M B89 B HF,
BT AR TR S ) 09 AR B B 2 E A KB F 8 T ARE, XMEARITLS =N RFEATT. I AR X ERKY
S I

OT oot
MRl G T %, REARNAMETFIREAD AT, BHEH, HAADL) =0 2K, HVYfeC(M),f=fo
o R S RERBHHK, Kb kKT H LOEYET, #

D-(:Cj> =

fr) = F(0) + VF(0) - 7+ rTV2f(6r)r
~ (0) +Z§j@ T M0 R RBUR 7  ET R A
=1 1,7=1
8 1 ; 7 ; ; 2= (32)
‘|‘ Z fang |<p(p) -t + Z hijZEl.’,U] g\é\@
,J
Df =0+ Z Dy(f) - D(#") + Y hy;(D(2")2? (p) + D(a*)a (p))

i=1 (2¥]

MmDf=3" D(z')D(f), 8D =" D(z')D;. Bit{D;,-, D,,} ZDer(Cy°(M))# &Ik, HEHAm.
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2. RESY)=(a)

HRAEE, B ERERFIIDACIEL: |, BT EIRETEE.

A3 Der(C° (M) FRAMIEPAITIZSE, 1IEAT,(M). B, FHATAILAEN Der(CF(M)), iE
BHEXLREN, FLUAREELRAN. XNEEER, iBLF = {v: (&) - M;~(0) = p}, WE

{DW/(O) :CF(M) = R;y € I‘pk} = span(Dy, -, D,). (33)

WL,(M)FRTEATAE, EAX,. 2|, 2T, (M)ESIRR(U, ¢; ') FRBERARE.
EEE—MIRESSIRRIATX, ?hﬂ]ﬂ!%?éﬂﬁ?‘ AEIALTR FHIEEIR AT
I (AART A X). (1) TR A ARF R Z 18] 89 30 X
0 T Oxt 0

53 v = 20 53 90) g (34)

(if) Bl — AN R R AR K T ARG EHAK, X, = Y7 Xil| =¥ Xid| a
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- N 0T
— (2
Al = ZX o1t ‘@(p) (35)
1=1
TEBH :
of Of cy?
By |p 07 ‘w(p)
Of cpl o ¢‘1‘
OFJ »(p)
- ; o1t o) O1J ()
" of, Oz
= ; 55117 557 i)

TEF A BZEEREE—EEEBNEL. BlIRITIeyGRme. B MET, (MRS
ZSIERBATE (M), FRAREIERM. &1 € C (M), iBdf, € TH(M), HERA FEpLHIMS, EXA

df,(X,) = X,(f),vX, € T,(M). (37)
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R =ERERABE BT EEFC . BptiIRELIRRT, T,(M)RERAER |, Bl =
z € C° (M), IR BEE, BEMDdzl € T (M), BXH

0 oz’ :
dx’ (8:1:-7 ) 83:3‘ = 05 (38)

B AIXET; (M) FRIXHBE.
TEIEYI=RIZERNXE.
XA, Hf: M — NRAFEVS, f(p) =q ZXSf,, : T,(M) = T,(N)A
Fp(Xp)(9) = X, (g o f), g€ CP(N). (39)
HABL, 3 FCHRM, BX, =D g, Wf,(X,) = Doy o)

p

R X (et ey AR RS, f,, : T,(M) — T,(N) &9 xH&mk4t, iwh f) T (N) — T (M), Bp
f;<9q)(Xp) - eq(f*p(Xp»’ 0, € Tq*(N)' (40)
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X P AR SR T AR R B, AR AR BRAT T B AR TR LA AR B2 A R BT 69 B A T AT
Done right ¥ #9

T =0

~
7
> N

@2 6, € TN
DEEEEO

#Fg € O (M), dg, € TH(N), IR Z AT 092 L, A fi(dg,) =d(go f),.
XEFNBEER LI RER TRHIEKREKE

BRI EIREZK). f: M - NEAXLFRBHE, f(p) =q Bop, ¢ 9LIRF (U, p; )5 (V, 9y, F(U) C
V.

~
~

fo(53) = Lo i @

FErE AR EEEIVANRIZER. (BER(IBITLNERESIERHNEERES. XHF[ET%
RIRBEIRY)= A EBEURILIRRIR
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(R LIRERR). f: M - NEXRFWY, f(p) =q Bap, qdLixwF (U, ;) F(V,;9"),
f(U) cV.

‘ W
f(dy?l,) Zdw b Bl (42)

Y REFIERLELERNFARXEL LOERAAR. B2 € T,M, WA

fp(dyj|q> (Whﬂ) = dy’ ‘ ( P 9 k‘ ) _dyj ( Oy q 3$k|w(p)>
i—1

L oy" . 0 8
- Z Ok ‘cp(p) dyj‘q (8_y'L‘Q> 8xk ‘cp (p) 5127’

= (43)
~ Ork |<p(p) 33[;@ |<p(p

— ; dz'|, ay

5
o | 5 xly
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3. tIM
SpEM EREIRY, T, MR—IR&IE=(E. RME—1NChR(k > 2), EXTM =
|| T, M, BATRILAET M ESINCkH 1 54514,

peM
BX (). . TM - M, £ LAH

m(X,) =p, VX,eTM. (44)
Z (BT MEFINBIEM). B(U, o; ) RM L8924 5RF, 2L a1 (U) = p(U) X m&uT R €
M, X, "T# 8 R EREAMERAX) = Z X, 2 0(X,) = (o(p), X1, X™). R ARQRAIAT. ] Lk ik

S, UL RIETM L5 AdparssH, @% FoA R IE.
FI (AT M EFINLIRTF). (U, p;2%), (V,9;9") M ECFAE 6 £ A4RF, Wpo pl ROFIRE AE,

ER: REp eUNV #0.X, e LM ERANMERFATETAX, =37 Xigh|, =" Xig|, A LALREHA
XXt = > Xﬂaxﬂzck 11L*>’c M%é;

Dop L p(rH(UNV)) = (1 (UNV)) (45)

135
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TMWEF N LRI 2EHE, #FR/IDAA.

4. B, PSHEHEF

THHNAEEZX BHEFRATIATMEER, EA8— 1 mpiffieE 7 — MIRE.
RX(CPREH). MEC®RF, X M - TMACWRA, HVpe M, X(p) € T,M, WHAXRC®HEH.
ZX(CFEES). AMRCFHRM, X M - TMECFH M4, Hro X =id, WHXRCFH1mEH5.
Ridk, 18

RHEEB). XX : M —-TM, Bro X =id, ZEVf € C*(M), Xf € C* (M), NMXZCF B4, BPCF 1=,

RX(ESHRHH). AMAECTRN, ¢:Rx M — MEC®BS, LA, p) = ¢(p), FHi#H2 (i)
QOO<p> =D, (11) \V/S,t S Ra Ps © Pt = Psito D]'J ﬁﬁ"@yg -“?5-&!‘{(’5—”{3}%%0

ATLAGE/INR x M_ERIENIE, (150 BERERS L HREE.
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BB, R L x U — MABIESK T, BR—IpelU, o(,p): L — Mik#hidplHi. %
RBAE— B EOORAX, = D,y ), RHAEES 0 EE 5,

RX(ARPHER). XX : M > TMAC®w &Y, EHEC: (—c,e) > MiHE

0
XC’(t) = C*ta € TC )M7 Vit e (_878)7 (47)

N ARC A X 6925 K.

YNFHAESHNEEZX, EIE— 1 BANGS
RAGBBPRYIBRK). Ko : [ xU - MAERIELEARKTHHE XZLAEFHRES, Wik, XGRS
W& AERE, AL EELAMNTHRBENH RGO 5T

BB ETp € U, 4C(t) = ,(p), t € I RMEGIT . BHEX, () = C, (L), VE € I AERS € C(M), HAEBE L,
SINK ST T, BB AT IR R IR BPT. AR,

X (f) = ALz olely AL O Lo CoDlems = Cu ) ) (18)
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ik, LE—TRER, FITUER— T HEESHNESHE R, EEMERMDHIE
RRHIFERE—EIEIC,

REMEZHFHEARTRE). XXACCRHBMEHC®@EY, NVp e M, HLEpWFFARRU, € > 0, VA
BREZBT BB (—,e) x U = M, 215055 T X.

REELRTRHEERATAEY). RCCRERXERT ELKTHHFHp,v: M - MEC®ARE, Wy X
ARTELAR LTI op, op L,

EH: REER Yo g, 0 HFTYX. @Vp € M, (1.X) () = Xyor)(f o) = X(F o)) 09 (p),

d o o o -1
(goprov-1(p) (0) () = Lo (Ztt v li=0 = Dip,y(0)(f e ¥) 071 (p) = X(fop) o7 (p) (49)

D

R A (). Ko, R BA LSBT B, LAFTRESX, M(p,) X = X.
Bl MAZBIERRY, M EFE-NLLFERGHES.
5. FES

X (FHT). AMAC®AN, X, YR LBHYAANAC®GEY, <X
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BPX,Y](f) = X(YF) =Y (XF), [ X, Y|EARAX, Y THEF.
FlE(BFRET). R(U, p;2) REFRF, X|p=X'225, Y|y =Y%M

oxJ”?
9 (.. 0f |
xi = (yiZl) = x
8931( 8x3> X

OV 0f |y O

oxt OxJ + 0xtOxI |’ (51)

M
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of .0 _.O0f
iZd ) v i
X Y)(f) = X° ox’ (Y 6x3> Y aij ox’
g oYI of j 0% f j X of : 0% f
=X ox' OxJ +Y 0x'0xI Y Oz Ozt +4 0xt0xI
_ xi oY’ 8f jBX.i af'
ozt Ozi ~  Oxi Oz
OY? 0f  ;0X7 0f | ;0Y7 [ 0X7| Of
oxt OxJ oxt Oxd ozt Ozt | Ozd
‘ﬂﬁ(??}%’g‘ﬁ@‘ﬁ/ﬁ). 1) [X,Y]=-[Y,X], () 2% P [aX; +bX,, Y] =a,[X{,Y]+
(i) [ X, Y], Z] + [[Y, Z], X| + [[Z, X], Y] =0
(X, Y]|oeZ—Zo[X,)Y]=(XoY—-YoX)oZ—Zo(XoY—-YoX)=

#EBR: (i) [ X, Y], Z] =
XoY —ZoYoX.

B(ETEHHK). K f,gc C(M), X, YRAXBE®EY, KiL[fX,gY]

EH: RAIER T, Vh € C®(M),

] (52)

(X5, Y], 75 —FF £

XoYoZ —YoXoZ+Zo

= f(X9)Y —g(Y )X + fg[X,Y].
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[fX, gY],(h) = (fX)p(gY) h) — (9Y),(fX)(R)
f0) [Y,(M)X,(9) + 9(p)X,(Yh)] — 9(p) [X,(R)Y,(f) + f(p)Y,(Xh)]
f0)X,(9)Y,(h) —g()Y,(f)X,(h) + f(p)g(p) X, (Yh) — f(p)g(p)Y,(XR)
={f(X9)Y —g(Y )X + fg[X,Y]},(h)

Rf: M — NEC [ER XEM ERNEER, UfXEN HNREZE—REE—HE—1M]
FE), BXYLX : £,X(0) = foprg (Xpag) € T,(N), AT

(£.X),(0) = fopr() (X0 (9) = Xpag (g0 £) = X(g o f) o f(0). (54)

1 FHTHIRSA). Lf: M - NRC®RE, Nf[X,Y]=[fX,1.Y]
ER: REILMETRG € C(N), WA [,[X,Y],(9) = [£.X, £.Y],, (9), RLHS = [X,Y],(g° /) = X,Y (9> /) =V, X(g f),



© > = A

RHS = (£.X), (£Y)(0) — (1Y), (£.X)(9)
=<f*X>f< [Y<g°f)°f - (f* )y [X(ao ) 17]

=X,(Y(gof)ofof) —Y,(X(go f) of o f)
= Y(g f) Y, X(go f) =LHS

Ro, ERERSHZHE, EESTRERX. RYERR—1C>HER, N5

kﬁ(é:}ﬁ- 580%%). AW, = (p,) YV, UW, L2 0%%, BG: =W, X]. % EXFH T AL =00 M=,
P lmo = Wo, X = [(90),Y, X| = [V, X], (), [V, X] = [(¢,)Y, (), X| = W, X]
B Vfe C~(M),

=< = Ay (repopr]

Y (f o prins) o 0iine —Y(f o) ow;!] (56)
At—0 At
[Y(f ° 90t+At) ° 90t_+1At —Y(fop)o SOt_JrlAt] [Y(f o () o 901;_+1At —Y(fopy)o Spt_l]

=141
At—0 At + At +
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[(Y(f ° 90t+At) —Y(fe SOt)) ° ‘Pt_julAt]

At—0 At
— lim [Y(f ° 90t+At) —Y(fo SOt)] o =1
At—0 At Pt (57)

d
= (E(f"%ot 090,9)‘3:0) °P_t
=Y (X(fowr))owp_,

BT (), X =X, & (0,) X(f) = X(f) & X(fop,) ops’ = X(f) & X(fop,) = X(f) o, ARI=Y(X(f)op) o0, =
(1), Y(X[) = Wy (X ).

[Y(fowp)op oo ny—Y(fop)op ]

M= —
—At

= _%(Y(f o )opw_rop)seog=—XY(fop)op_ ;)= —X(((pt)*Y(f)) = —X(W,f).

M (1) = W (X f) — X(W,f) = [W,, X](f).
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6. 940 Frobenius B

Egﬁp € M, T, MBJLABFZS[8) D, (4538r), B FrEHp, BILASEISEUTI ARY iﬂ"JD = Upem
D,, ,J}S‘Z?"djrf&’ 0. B Vp € M, FEpRIFBIEU, LIRU ERNREIEZ X, -, X, st. Vg e U,

D, = span(X;(q), -, X,.(q ), WFRDIEU EHB X, -, X, k.

,oc(ﬁy SRA). i W — MRERNT R, EVpe M, i, (T,W) C Dy, C Ty, M, MAri(W)=Z D& 5

I/Ib ﬂ:/ .

X (ZLTAR). ADArESH, EVp € M, Iphy LARATIR(U, p; 1), s.t. VC=c, eR(i=r+1,-,m),
Us={2"=c¢;:i=r+1, m}RDORPRF, MNikpHDREELTHR

EEIZEM_JSED ﬁj\?ﬁDmé_f,\, NYp € M, FEPHIFLBEU, LR U ERIRIER X, =

2 X, = 52, 8.t. Vg €U, D, = Uz = span(X;(q),, X,(q)), XREANTFEER v e D, H
ﬂEEﬁ:I:ﬁT/\E RRELx 1 - m%lﬁjo, Mﬁ'ﬁﬁé&&%ﬂjﬁ’\]%ﬁ?ﬂo. 596, BALEREI, LERT
(X, X;] =0, 4,5=1,-,r. (59)
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%050 = 37 (57) = 3 (37) = o

L (A, Arr e DRSFAE), EVp € M, Ipty FARRU, AR AERDWGEH X, -, X, i#H A
[ X:, X;](q) € D, YqeU,i,j=1,-,r

AR ESHEGINEETX. AHRX,, -, X, 2B —REMDINEET, WX, =alX;al €
COO(U)a a:IEE [ny) XJ/] — [G,’;Xk, af.lel] == a/,i-{: (Xkag)Xl — aé- (Xla,,f;)Xk + af’aé[Xk, Xl]’ a:ZEE\V/q -
U, | Xi,X;](a) € D,.

TS E#IIRRRAAY Frobenius EIE.
% 3 (Frobenius & ). rfE M DR T2 ARGy, % HXY DA A6,
W LBV B HIEB AN, RIIAAAG 2,

|
FI (TSGR, X0 DA 3T &89, WVp € M, Ipd§FFARRU, ARU L¥gm= 3 X, -, X, £ "D,
A [X,, X;| =0,4,5=1,-r.
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R ARFE ST, Vp e M, IpW LI+ (U, p;2t), ARU LW @ EHY,, -, Y, A& D, LY, = Y;a O HPY'e

O (U), 0 = 1,1, 1,75 T Ao AR = 1,y m. AR, det(VD) 0. FAR A= V2], B = A~ = [20], #
i%r sa,0s7T
; ; 0 : & ; 0 0 & ; 0 0 < 0
X =7y, =72'YyF— = 7207k — = — ZlvkF — = — Xk — 61
ot T ot k:1+k::zr—:i-1 v 0zF Ot +k:zr—:i-1 v 0zF Ot +k;1 ' Ozt oy
M T
0 & o 0 & 0
(X, Xp] = T X(]f—,— + XI?_]
Oz k;1 Oxk’ Ox? kz;rl oxk
o 0 ] 0 & . 0 mo 9 ]
- CL’ a’ Xb + Xb_
{&B Ox® [81; k—zr—i:—l O k=rt1 —27;1 Ok

k9 O k
; X“@xk’axb] + [Zr Xa
(62
o foxy 9 4[0 0 & v xk 0 N xk 0

= 4+ X —_ xk 2 Xk
0+ ;{(’M‘l@xk—‘_ b[axa’axk]}+k;l{ [ } k;q a@xk’k; b §ak
0

m (oxF &  ox* 8 moL D 9
- @ xt 2 E: Xk — 1,
{83:“ gz Oz axk} > s b o ]6813&11(3 k=l m)

= k=r+1 k=r+

9
daF
xk[ 2 9
dz*’ Db

acb 8xk

;}"}%%\hfiﬂ'é\é’ljix, [Xa7Xb](q> € Dq = Spa’n(Xl(Q)a 7X (Q))’ [A%[XaﬂXb]<Q> = 05 Vq € Us a7b = ].,'“,7“

r
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TRELEARER, X, X,, g, - gom K. IEXERRIBRSEERIERT Mo, « (—¢,¢) X
W —U,W CU.

EE LIC &l‘ir E[ ] = O, V1l < 7/7] <, )I_I\U(O'z@))*XJ = Xj, Mﬁ'ﬁffz(t)'—ﬁ%(t)ﬁ.f?ﬁﬁ

HszEEJL){?F!I‘ﬁ‘x’EIEH’\JiEHE.

W R IRAGIERA. AL P R AR F (U, p;2%), ARFI Y 8X, - X, 0,(t) X, B FHELHTHRE LHC. = (—e,0)™,
EXN:C. 5 UA

)\(tl’ TN tr, xr+17 TN xm> e 0’1 (t]‘) 0 -0 o'lr(t’r) ((Pl (07 e O , xr+1, e xm) ) (63)
~————
2 AN (g7lo) = Do ei )(p) © = Xi(p), i=1,-r, A*o( 52710) = Dyi(0.0.26.0.-0/(0) = Bailpr &= 7T+ 1, - m, A B3k
LR ARF REU N LY, X, :W’Z_l
Ad RILT 4218
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